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1. Introduction
Let A and G be ﬁnite groups with (|G|, |A|) = 1 and suppose that A acts on G by automorphisms.
Let π(G, A) : IrrA(G) → Irr(CG (A)) be the Glauberman–Isaacs correspondence. Let B be a subgroup
of A and let χ ∈ IrrA(G). It has been conjectured that χπ(G, A) is an irreducible constituent of the
restriction of χπ(G, B) to CG(A) (see [8,11]). T. Wolf [11] showed that this conjecture is true when
|G| is odd or when G is solvable and CG(A) = CG (B). C. Puin [10] proved that the conjecture is also
valid when G is supersolvable or, remarkably, when G is solvable and CG(B) is A-invariant. Therefore,
Puin proposed a question as to whether similar results can be achieved if the focus is shifted from G
to CG (A) and/or CG(B) (see the paragraph before Theorem 3.3 of [10]). It is known that the conjecture
is not true in general. Puin and Wolf [9] exhibited a counterexample to the conjecture such that the
group G under consideration is solvable with the nilpotent derived subgroup G ′ and the character χ
has degree 25. They also pointed out, at the end of that paper, that there are similar counterexamples
where χ has odd degree.
In this paper we continue to study the above conjecture. We intend to ﬁnd some necessary and
suﬃcient conditions to decide whether χπ(G, A) is an irreducible constituent of the restriction of
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study of character correspondences. Actually, using an induction argument and Proposition 2.5 of [10],
it is enough to prove the conjecture for the relative character correspondence, that is, to prove that
χπ(G, A, L) is an irreducible constituent of the restriction of χπ(G, B, L) to LCG(A) for some appro-
priate A-invariant normal subgroup L of G , where the relative character correspondence π(G, A, L) is
deﬁned to be a bijection from IrrA(G) onto IrrA(LCG(A)) given by
π(G, A, L) = π(G, A)π(LCG(A), A
)−1
(see [11] for details). Furthermore we may require this subgroup L to be a member of a relevant
character ﬁve (G, K , L, θ,ϕ) in the sense of Isaacs [5] which means that K , L are normal subgroups of
G with K/L abelian, and θ ∈ Irr(K ) and ϕ ∈ Irr(L) are G-invariant with θL = eϕ and e2 = |K : L|. In
this reduced situation, however, we have the following criterion.
Theorem A. Let (G, K , L, θ,ϕ) be a character ﬁve and let A act coprimely on G, stabilizing K , L, and ϕ . Let
H = LCG(A) and suppose that
(a) K H = G and K ∩ H = L;
(b) G/K acts Frobenius on K/L, i.e., CK/L(x) = 1 for all 1 = x ∈ G/K ;
(c) θ is extendible to G.
Let B be a subgroup of A and let χ ∈ Irr(G) be an extension of θ . Then
[
χπ(G, B, L)H ,χπ(G, A, L)
] = 0
if and only if f = n − 1> 1, where f 2 = |CK/L(B)| and n = |G : K |.
We shall exhibit an example to show that Theorem A is no longer true if condition (b) is dropped
or even replaced with the weaker assumption that (|G : K |, |K : L|) = 1.
As an application of Theorem A we shall prove the following Theorem B which generalizes, by
shifting the focus from G to CG(B) and/or CG (A), both the Wolf’s theorem on odd order groups [11,
Theorem 2.14] by condition (a), and the Puin’s theorem on supersolvable groups [10, Theorem 3.1] by
using condition (b) and the fact that supersolvable groups must have nilpotent derived subgroups.
Theorem B. Let A act coprimely on a solvable group G and let B  A. Assume any one of the following
conditions:
(a) |CG(B)| is odd.
(b) CG(B) is supersolvable and the derived subgroup G ′ of G is nilpotent.
(c) CG(B) is supersolvable and CG(A) is abelian.
Then [χπ(G, B)CG (A),χπ(G, A)] = 0 for all χ ∈ IrrA(G).
We should stress that the supersolvability of CG(B) cannot be removed from condition (b) or con-
dition (c) in Theorem B, as indicated by the counterexample due to Puin and Wolf [9]. Unfortunately,
we do not know whether the nilpotency of G ′ or the commutativity of CG(A) can be dropped in
Theorem B. In addition, we make no use of the Gajendragadkar special characters in the proof of
Theorem A or Theorem B, and so, our method is different from that of Puin’s used in [10].
Another application of Theorem A that we shall present is to construct a family of counterexamples
to the conjecture mentioned above. Actually, for any prime q and any integer r > 1 with (r,q(q+1)) =
1, we shall exhibit a counterexample to the conjecture in which the character degree χ(1) = qr ,
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particular, our counterexamples include the Puin and Wolf’ one (by taking (q, r) = (2,5)).
All groups considered in this paper are ﬁnite, and the notation is standard, see [3] or [6], for
example.
2. Preliminaries
In this section we collect some basic facts about coprime action and the relative character corre-
spondences that will used frequently in this paper.
The ﬁrst elementary result is Exercise 13.13 of [6].
Lemma 2.1. Let A act on G by automorphisms and suppose that N  G is A-invariant with (|G : N|, |A|) = 1.
Let χ ∈ Irr(G) and θ ∈ Irr(N) with [χN , θ] = 0. If A acts trivially on G/N, then θ is A-invariant if and only if
χ is A-invariant.
Next is a special case of Lemma 2.13 of [11].
Lemma 2.2. Assume that A act on K , that L is a normal A-invariant subgroup of K , that K/L is abelian,
and (|K : L|, |A|) = 1. Suppose that θ ∈ IrrA(K ) is fully ramiﬁed with respect to K/L and let ϕ be the unique
irreducible constituent of θL . Let M/L = CK/L(A). Then θ and ϕ are fully ramiﬁed with respect to K/M and
M/L, respectively.
The following is some basic properties of the relative character correspondences (see Section 3
of [11] for more details).
Lemma 2.3. Let A be a solvable group acting on G such that (|G|, |A|) = 1. Let C = CG(A) and suppose that
L  G is A-invariant. Then
(a) χπ(G, A, L) is an irreducible constituent of χLC for any χ ∈ IrrA(G);
(b) If B  A, then π(G, A, L) = π(G, B, L)π(LCG (B), A, L);
(c) If A/CA(G/L) is a p-group for a prime p and χ ∈ IrrA(G), then χπ(G, A, L) is the unique irreducible
constituent of χLC with multiplicity not divisible by p.
Proof. See Lemma 3.1 and Corollary 3.2 of [11]. 
Finally, we need a deep result of the relative character correspondences.
Lemma 2.4. Let A be a solvable group acting on G such that (|G|, |A|) = 1. Suppose that L ⊆ K are A-invariant
normal subgroups of G. Let H = LCG(A) and assume that K H = G and K ∩ H = L. If K  U  G and χ ∈
IrrA(G), then χUπ(U , A, L) = χπ(G, A, L)U∩H (extending the maps linearly).
Proof. Since H/L = CG/L(A) and [G, A] K  U , the result follows from Proposition 3.6 of [11]. 
3. Proof of Theorem A
We ﬁrst need some properties of a character ﬁve.
Given a character ﬁve (G, K , L, θ,ϕ), an element g of G is called good if 〈〈g, c〉〉ϕ = 1 for all c ∈ C ,
where C/L = CK/L(g) and 〈〈 · , · 〉〉ϕ is a complex valued form uniquely determined by ϕ and deﬁned
on pairs of commuting elements of G/L (see Deﬁnition 3.1 of [5] for more details).
The following is a slight modiﬁcation of Lemma 3.7 of [5].
Lemma 3.1. Let (G, K , L, θ,ϕ) be a character ﬁve and let A act coprimely on G, stabilizing K , L, and ϕ . Let
H = LCG(A) and assume that K H = G and K ∩ H = L. Then every element of H is good.
C. Hao, P. Jin / Journal of Algebra 320 (2008) 4092–4101 4095Proof. Let h ∈ H and let C/L = CK/L(h). Since A acts trivially on H/L, it follows that C is A-invariant.
Since CC/L(A) ⊆ CK/L(A) = 1, we can conclude that C = [C, A]L which is generated by elements of the
form [c,a]l for c ∈ C,a ∈ A and l ∈ L. Note that the corresponding form 〈〈 , 〉〉 (we drop the subscript ϕ)
is A-invariant and by Lemma 2.1 of [5] we have
〈〈
h, [c,a]l〉〉 = 〈〈h, [c,a]〉〉 = 〈〈h, c−1〉〉〈〈h, ca〉〉 = 〈〈h, c−1〉〉〈〈h, c〉〉 = 1
and the result follows. 
The next result will play an important role in the proof of Theorem A, which can be deduced from
the ﬁrst part of the proof of Theorem 5.7 in [5] with V = L and we omit the details.
Lemma 3.2. Let (G, K , L, θ,ϕ) be a character ﬁve and let U be a subgroup of G with U K = G and U ∩ K = L.
Suppose that G/K is cyclic and acts Frobenius on K/L, and that each element of U is good. Let χ and ξ be
extensions of θ and ϕ to G and U , respectively, and let χU = ψξ where ψ is a character of U with L ⊆ Kerψ .
Then ψ = aρ + 	λ, where ρ is the regular character of U/L, λ is a linear character of U/L, a is an integer and
	 = ±1.
In addition, we shall need a modiﬁed version of Theorem 4.4 of [11]. As mentioned in the In-
troduction of that paper, the solvability of G is used heavily in the proof of that theorem, and it is
unknown in general that whether or not this solvability assumption can be removed. However, what
we need in the proof of Theorem A is only a very special case where the solvability assumption can
be dropped indeed.
Lemma 3.3. Let (G, K , L, θ,ϕ) be a character ﬁve and let A be a solvable group of odd order. Suppose that
A acts coprimely on G, stabilizing K , L, and ϕ . Let B be a subgroup of A and let H = LCG(A). Furthermore,
assume that
(a) K H = G and K ∩ H = L,
(b) |G/K | = 2 and CK/L(x) = 1 whenever 1 = x ∈ G/K ,
(c) K/L is a chief factor of the semidirect product G A, and
(d) H = LCG(B).
Then χπ(G, A, L) = χπ(G, B, L) for all χ ∈ Irr(G|θ).
Proof. Check the proof of Theorem 4.4 of [11]. 
Now we are ready to prove Theorem A which we restate as follows for convenience.
Theorem 3.4. Let (G, K , L, θ,ϕ) be a character ﬁve and let A act coprimely on G, stabilizing K , L, and ϕ . Let
H = LCG(A) and suppose that
(a) K H = G and K ∩ H = L;
(b) G/K acts Frobenius on K/L;
(c) θ is extendible to G.
Let B be a subgroup of A and let χ ∈ Irr(G) be an extension of θ . Then
[
χπ(G, B, L)H ,χπ(G, A, L)
] = 0
if and only if f = n − 1> 1, where f 2 = |CK/L(B)| and n = |G : K |.
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ing over ϕ and hence is A-invariant. By condition (a) we know that A acts trivially on G/K , and
Lemma 2.1 implies that χ is A-invariant.
Let M = LCK (B). Then M/L = CK/L(B) and |M : L| = f 2. Since B also centralizes G/K , it follows
that M  G . By Lemma 2.2, ϕ is fully ramiﬁed with respect to M/L and we may write ϕM = f η for
η ∈ Irr(M). In this case η is also fully ramiﬁed with respect to K/M , which forces θ to be the unique
irreducible constituent of ηK . Let J = LCG(B), α = χπ(G, A, L), and β = χπ(G, B, L). Then α ∈ Irr(H)
and β ∈ Irr( J ) and we want to show that [βH ,α] = 0 if and only if f = n − 1> 1.
We may assume that |A| is odd. Otherwise, by the coprimeness hypothesis G must have odd order
and then, by the Wolf’s theorem on odd order groups, we have [β,αH ] = 0. On the other hand, since
|G : L| is odd, we have f = n − 1 and n = 2. The result follows in this case.
We claim that α and β extend ϕ and η, respectively. Notice that from condition (a) we can deduce
that CK (A) ⊆ L. Thus, by Lemma 2.3(a) we know that θπ(K , A, L) = ϕ and similarly θπ(K , B, L) = η.
Now, since χ is an extension of θ to G , it follows from Lemma 2.4 that α = χπ(G, A, L) is an exten-
sion of ϕ to H and β = χπ(G, B, L) is an extension of η to J , as claimed.
Therefore, by the Gallagher’s theorem (Corollary 6.17 of [6]), there exists a unique character ψ
of H/L such that χH = ψα. We shall prove by induction on |A| that ψ is constant on H − L and
ψ(x) = ±1 for all x ∈ H − L.
We ﬁrst assume that A/CA(G/L) is a p-group for some odd prime p. Fix an element x ∈ H − L
and let U = 〈K , x〉 and V = 〈L, x〉. Then K V = U and K ∩ V = L. Clearly (U , K , L, θ,ϕ) is also a
character ﬁve such that U/K is cyclic and acts Frobenius on K/L. Also, we have V /L = CU/L(A) and
V = LCU (A). By Lemma 3.1, every element of V is good. Observe that χU extends θ and αV extends
ϕ and (χU )V = ψV αV . It follows from Lemma 3.2 that we can write ψV = aρ + 	λ, where ρ is the
regular character of V /L, λ is a linear character of V /L, a is an integer, and 	 = ±1. We need to prove
that λ is precisely the principal character 1V of V . By Lemma 2.4, we have αV = (χU )π(U , A, L).
Since A/CA(U/L) is also a p-group, it follows from Lemma 2.3(c) that αV is the unique irreducible
constituent of (χU )V having multiplicity not divisible by p. Since αV is an extension of ϕ to V , we
can deduce by the Gallagher’s theorem again that 1V is exactly the unique irreducible constituent of
ψV with multiplicity not divisible by p. Observe that the regular character ρ of the cyclic group V /L
is a sum of |V /L| different linear characters. This forces that p divides a and λ = 1V when |V /L| > 2.
In the remaining case where |V /L| = 2, we may always let ψV = aρ + 	1V such that p|a. So, we have
the congruence ψ(1) ≡ 	 mod p in either case. Since p is an odd prime and ψ(1) = θ(1)/ϕ(1), it
follows that 	 is uniquely determined by the congruence and hence ψ(x) = 	 is independent of the
choice of x in H − L.
Next, we consider the general case where A has odd order. Choose a maximal normal subgroup T
of A and let |A : T | = p for an odd prime p. Set M1/L = CK/L(T ), J1 = LCG(T ), and β1 = χπ(G, T , L).
Then a similar argument implies that M1  GA and ϕ is fully ramiﬁed with respect to M1/L. Let η1
be the unique irreducible character of M1 lying over ϕ . Then η1 is also fully ramiﬁed with respect
to K/M1 and lies under θ . Furthermore we can deduce that β1 extends η1 and hence there exists
a unique character ψ1 of J1/M1 such that χ J1 = ψ1β1. Consider the character ﬁve (G, K ,M1, θ,η1)
and the operator group T . It is easy to verify that J1 = M1CG(T ), K J1 = G and K ∩ J1 = M1. Since
|T | < |A|, by the induction hypothesis we have ψ1(x) = ±1 which is independent of the choice of x
in J1 − M1. In particular, since H − J ⊆ J1 − M1, we can take x ∈ H − J .
Finally we consider the character ﬁve ( J1,M1, L, η1,ϕ) and the operator group A. Clearly A
stabilizes J1,M1, and η1. It is easy to verify that H = LC J1 (A), M1H = J1 and M1 ∩ H = L. By
Lemma 2.3(b), we have
α = χπ(G, A, L) = (χπ(G, T , L))π( J1, A, L) = β1π( J1, A, L).
Since β1 and α extend η1 and ϕ , respectively, by the Gallagher’s theorem we may write (β1)H = ψ2α,
where ψ2 is a character of H/L. In this situation, since T acts trivially on J1/L, we conclude that
T ⊆ CA( J1/L) and hence A/CA( J1/L) is a p-group. By the preceding result, we see that ψ2(x) = ±1
is also independent of the choice of x in H − L. Now,
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which implies that ψ = (ψ1)Hψ2 by the Gallagher’s theorem again. This proves that ψ(x) = ±1 is
constant on x ∈ H − L, as wanted.
We can now complete the proof. Consider the character ﬁve (G, K ,M, θ,η) and the operator
group B . Similarly, we may write χ J = ψ ′β where ψ ′ is a character of J/M and deduce that
ψ ′(x) = ±1 is also independent of the choice of x in J − M . In particular, ψ ′(x) = ±1 is constant
on x ∈ H − J . Furthermore, we consider the character ﬁve ( J ,M, L, η,ϕ). By the Gallagher’s theorem,
there exists a unique character ω of H/L such that βH = ωα. Now we have
ψα = χH = (χ J )H = (ψ ′β)H = ψ ′HβH = ψ ′Hωα,
which forces ψ = ψ ′Hω by the Gallagher’s theorem again. Therefore, there exists 	 = ±1 such that
ω(x) = 	 for all x ∈ H − L. From this we may write ω = b + 	1H , where  is the regular character
of H/L and b is an integer. Notice that (1) = |H : L| = n and ω(1) = β(1)/α(1) = η(1)/ϕ(1) = f . We
deduce that b = ( f − 	)/n. Also, since α is an extension of ϕ to H , by the Gallagher’s theorem we
conclude that [ωα,α] = [ω,1H ]. Now
[βH ,α] = [ωα,α] = [ω,1H ] = b + 	 =
(
f + (n − 1)	)/n,
which implies that [βH ,α] = 0 if and only if f = n − 1 and 	 = −1. Notice that f ≡ 	 mod n and we
conclude that 	 = −1 whenever f = n − 1 > 1. In the case where f = n − 1 = 1, we have LCG(A) =
LCG(B) and |G : K | = 2. By Lemma 3.3, we obtain that α = χπ(G, A, L) = χπ(G, B, L) = β , which
forces that [βH ,α] = 1 and 	 = 1. This proves that [βH ,α] = 0 if and only if f = n − 1 > 1 and the
proof is complete. 
We mention that condition (b) in the above theorem cannot be replaced with the weaker assump-
tion that (|G : K |, |K : L|) = 1. To see this, let G = K × T , where K is an extraspecial group of order 211
that occurs in the counterexample exhibited by Puin and Wolf [9], and T is a cyclic group of order 3.
Let L = Z(K ). As indicated by that counterexample, there exists an automorphism group A of K such
that A acts trivially on L, |A| = 55, and CK/L(A) = 1. Furthermore, A has a subgroup B satisfying
|CK/L(B)| = 22. Now we let ϕ = 1L be an irreducible character of L and let θ be the unique irre-
ducible character of K such that θL = 25ϕ (see Satz V.16.14 of [3]). Then (G, K , L, θ,ϕ) is a character
ﬁve. We can lift A to an automorphism group of G in the obvious way so that A acts coprimely on G .
Of course A stabilizes K , L and ϕ . Let H = LCG(A) = L × T . It is clear that K H = G and K ∩ H = L.
Also, θ is extendible to G since G/K ∼= T is cyclic and θ is G-invariant (see Corollary 11.22 of [6]).
Let χ ∈ Irr(G) be an extension of θ . Then, by Theorem 4.21 of [6] we may write χ = θ × λ where
λ ∈ Irr(T ) is linear. Thus the restriction of χ to H is 25(ϕ × λ) so that χH is homogeneous. It follows
that χπ(G, A, L) must be an irreducible constituent of the restriction of χπ(G, B, L) to H , that is,
[χπ(G, A, L),χπ(G, B, L)H ] = 0. However, the numeral condition that f = n − 1 > 1 in Theorem A
automatically holds since then f = 2 and n = 3. Thus Theorem A is no longer true if the Frobenius
assumption is dropped, or even replaced with the coprimeness condition that (|G : K |, |K : L|) = 1.
4. Proof of Theorem B
To prove Theorem B, we shall use the following known result which deﬁnitely holds in a more
general situation but we need not this generality.
Lemma 4.1. Let (G, K , L, θ,ϕ) be a character ﬁve and let A be a solvable group and suppose that A acts co-
primely on G, stabilizing K , L, and ϕ . Let H = LCG(A) and assume that K H = G and K ∩ H = L. Furthermore,
assume that G/K is a cyclic group and acts Frobenius on K/L, that K/L is an elementary abelian p-group for
a prime p, and that |G : L| is odd. Then χπ(G, A, L) is the unique irreducible constituent of χH with odd
multiplicity for all χ ∈ Irr(G|θ).
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This is Theorem B of the Introduction.
Theorem 4.2. Let A act coprimely on a solvable group G and let B  A. Assume any one of the following
conditions:
(a) |CG(B)| is odd.
(b) CG (B) is supersolvable and the derived subgroup G ′ of G is nilpotent.
(c) CG (B) is supersolvable and CG(A) is abelian.
Then [χπ(G, B)CG (A),χπ(G, A)] = 0 for all χ ∈ IrrA(G).
Proof. Let G be a counterexample with |G| minimal. Then there exists some χ ∈ IrrA(G) such that
[χπ(G, B)C ,χπ(G, A)] = 0, where C = CG(A). Clearly C < G and A must have odd order by the
Wolf’s theorem on odd order groups, Theorem 2.14 of [11]. Also, by Lemma 2.3 of [10] we know that
χ must be A-primitive, that is, χ is not induced from some A-invariant irreducible character of a
proper A-invariant subgroup of G . Thus, by Theorem 2.2 of [10] we conclude that χN is homogeneous
for every A-invariant normal subgroup N of G .
We denote by GA the semidirect product of G and A, and deﬁne a set
X= {L  G | L  GA, LC < G}
which is not empty since the trivial subgroup {1} ∈ X. We ﬁx a maximal element L of X under
inclusion, and let K/L be a chief factor of GA with K  G . Then, by the assumption that G is solvable,
we know that K/L is an elementary abelian p-group for some prime p. Set H = LC . It follows that
K H = G and K ∩ H = L. Furthermore, by the maximality of L we can deduce that CG (K/L) = K .
Let θ and ϕ be the unique irreducible constituent of χK and χL , respectively. Then θ and ϕ are
A-invariant and ϕ is an irreducible constituent of θL . Since |H| < |G|, by the minimality of |G| and
Proposition 2.5 of [10], it follows that [χπ(G, B, L)H ,χπ(G, A, L)] = 0.
Now, since θ is GA-invariant, we can apply the “going down theorem,” Theorem 6.18 of [6], to
conclude that either θL = ϕ or θ is fully ramiﬁed with respect to K/L. If θL = ϕ , then by Lemma 10.5
of [6], χH is also irreducible which yields that χπ(G, A, L) = χH . Let J = LCG(B). Then χ J is ir-
reducible. Thus χπ(G, B, L) = χ J and [χπ(G, B, L)H ,χπ(G, A, L)] = 1, a contradiction. So, θ and ϕ
must be fully ramiﬁed with respect to K/L and we then have a character ﬁve (G, K , L, θ,ϕ).
Let M/L = CK/L(B). Then, as in the proof of Theorem A, we know that M  G and that θ and ϕ are
fully ramiﬁed with respect to K/M and M/L, respectively. Let η be the unique irreducible constituent
of θM or ϕM . Since GA is solvable, it follows from Theorem 4.4 of [11] that LCG(B) > LCG(A) and
hence M/L is a nontrivial p-group.
Assume condition (a). Then J/L = LCG(B)/L ∼= CG(B)/CL(B) has odd order. Since M/L > 1 is
a p-group, it follows that |K/L| is odd and hence |G/L| is also odd. By Lemma 4.1, we see that
χπ(G, A, L) is the unique irreducible constituent of χH having odd multiplicity and that χπ(G, B, L)
is the unique irreducible constituent of χ J with odd multiplicity. It follows that χπ(G, A, L) must be
an irreducible constituent of the restriction of χπ(G, B, L) to H , i.e.,
[
χπ(G, B, L)H ,χπ(G, A, L)
] = 0.
This desired contradiction proves the result under condition (a).
Finally assume condition (b) or condition (c). We claim that in either case we may further assume
that L contains the derived subgroup C ′ of C so that H/L ∼= C/C ∩ L is abelian. Of course, this is the
case if C is abelian. Now suppose that G ′ is nilpotent. If G ′ ∈ X we can choose L containing G ′ , as
claimed. So we may assume that G ′ /∈ X, i.e., G ′C = G . Take N to be the normal closure of G ′ ∩ C
C. Hao, P. Jin / Journal of Algebra 320 (2008) 4092–4101 4099in G ′ . Then C ′  N . Since C < G and G ′C = G , we have G ′ ∩ C < G ′ . Since G ′ is nilpotent, N < G ′ . It
follows that N ∈X and hence we may choose L containing N , as claimed.
Now, since K/L is a chief factor of GA and G/K ∼= H/L is abelian with CG (K/L) = K , it follows that
G/K acts Frobenius on K/L which forces G/K to be cyclic. Thus θ is extendible to G and Theorem A
implies that f = n − 1> 1 where f 2 = |M/L| and n = |G/K |. Observe that M/L > 1 is an elementary
abelian p-group and J/M is cyclic of order n and acts Frobenius on M/L. Let f = pm for some positive
integer m. Since n = pm + 1, it follows that 2m is the least positive integer such that p2m ≡ 1 mod n.
By Lemma 4.2 of [11], we conclude that M/L is an irreducible Zp[ J/M]-module, i.e., a chief factor of
J/M . However, J/L ∼= CG(B)/CL(B) is supersolvable under condition (b) or condition (c), which forces
|M/L| = p, a contradiction. The proof is now complete. 
5. Counterexamples
In this section, for any prime q and any integer r > 1 with (r,q(q + 1)) = 1, we shall use Theo-
rem A to construct a counterexample to the conjecture mentioned in the Introduction, such that the
group G under consideration is solvable of order q2r+1(q + 1) whose derived subgroup is nilpotent,
that the character degree χ(1) = qr , and that the operator group A is metacyclic of order rp where
p is a prime divisor of qr + 1 with p  q2 − 1. We mention that such a prime p always exists by
Theorem IX.8.3 of [4].
We ﬁrst need a result about symplectic and orthogonal groups. In the proof of the following
lemma, for convenience we shall view the ﬁnite ﬁeld GF(pa) as a subﬁeld of GF(pb) whenever p
is a prime and a,b are positive integers with a|b.
Lemma 5.1. Let q and r be positive integers such that q is a prime, r > 1, and (r,q(q + 1)) = 1. Write S for
Sp(2r,q) if q > 2 and for O−(2r,2) if q = 2. Assume that V is the corresponding symplectic space (for q > 2)
and the orthogonal space (for q = 2) over GF(q). Let p be a prime divisor of qr + 1 such that p  q2 − 1. Then
S has a subgroup of the form T × A satisfying:
(a) T is cyclic of order q + 1 and acts Frobenius on V ,
(b) A ∼= Zp  Zr is non-abelian and CV (A) = 1, and
(c) |CV (B)| = q2 for each subgroup B  A of order r.
Proof. We may assume without loss of generality that V = GF(q2r), viewed as a vector space over
GF(q) of dimension 2r. The corresponding nonsingular symplectic form 〈 , 〉 on V for q > 2 and the
nonsingular quadratic form Q on V for q = 2 can be described as follows.
We ﬁx an element a ∈ GF(q2) − GF(q). Then a /∈ GF(qr), as r is odd. Let tr : GF(qr) → GF(q) be the
trace map. Then
〈v,w〉 = tr((a − aqr )(vwqr − vqr w))
deﬁnes a nonsingular symplectic form on V and the corresponding symplectic group is Sp(2r,q) (see
Example 8.5 of [7]). When q = 2,
Q (v) = tr(v1+qr )
deﬁnes a nonsingular quadratic form on V and the corresponding orthogonal group is O−(2r,2) (see
Lemma 4.2 of [2]).
We consider the semilinear group Γ (V ) = Γ0(V ) 〈σ 〉 where Γ0(V ) is the cyclic group consisting
of multiplications and σ : v → vq is the Frobenius ﬁeld automorphism of GF(q2r) (see Section 2 of [7]
for more details). Observe that |Γ0(V )| = q2r −1 and that 〈σ 〉 is the Galois group of the ﬁeld extension
GF(q2r)/GF(q). Let C be the unique subgroup of order qr + 1 in Γ0(V ) which is clearly invariant
under σ .
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above are preserved by the map on V induced by multiplication by an element of order qr + 1, it
follows that C ⊆ S . What remains is to prove σ 2 ∈ S . For q = 2, since the Galois group of GF(qr)/GF(q)
can be identiﬁed with 〈σ 2〉 (using the oddness assumption on r), we conclude that σ 2 must preserve
the trace map from GF(qr) to GF(q) and hence lies in S . For q > 2, we need to prove 〈vσ 2 ,wσ 2 〉 =
〈v,w〉 for all v,w ∈ V . Let b = a − aqr and x = vwqr − vqr w . It suﬃces to prove tr(bxσ 2 ) = tr(bx).
Since (bx)q
r = (−b)(−x) = bx, we have bx ∈ GF(qr). It follows that tr((bx)σ 2 ) = tr(bx). By the choice
of a, we know that b ∈ GF(q2) and hence b is ﬁxed by σ 2. Thus tr(bxσ 2 ) = tr(bx) and σ 2 ∈ S , as
claimed.
Now, since r is odd, q + 1 divides qr + 1. Let T  C be the unique cyclic subgroup of order q + 1.
Then T acts Frobenius on V , as C does. Suppose that T = 〈t〉. Since o(t) = q+1|q2−1, it follows that t
is invariant under σ 2 and hence 〈σ 2〉 centralizes T . Let A = P  〈σ 2〉 ∼= Zp Zr where P is the unique
subgroup of C with |P | = p. Then A centralizes T . Since p does not divide q2 −1, we conclude that A
is non-abelian. Clearly P acts Frobenius on V which implies that CV (A) = 1. Finally, since p divides
qr + 1, it follows that r divides p − 1 and (p, r) = 1. By the Schur–Zassenhaus theorem we know that
B and 〈σ 2〉 are conjugate in A and hence |CV (B)| = |GF(q2)| = q2. The proof is complete. 
We are now ready to construct the promised counterexamples.
Let q be a prime and let r > 1 be such that (r,q(q + 1)) = 1. Choose a prime divisor p of qr + 1
such that p does not divide q2 − 1. Let K be an extraspecial q-group of order q2r+1 such that K is of
exponent q if q > 2 and that K is the central product of r − 1 copies of the dihedral group D8 with
the quaternion group Q 8 if q = 2. Let L = Z(K ) and let V = K/L. Then, it is well known that V can
be viewed as a symplectic space over GF(q) for q > 2 and an orthogonal space over GF(2) for q = 2.
Furthermore, COut K (L) is isomorphic to Sp(2r,q) if q > 2 and to O−(2r,2) if q = 2 (see Exercise 8.5
of [1], for example). Therefore we may conclude from Lemma 5.1 that K has an automorphism group
T × A centralizing L and satisfying the conclusion of that lemma.
Now we let G = K  T be the semidirect product. Then G is solvable with the nilpotent de-
rived subgroup. Clearly A can be lifted to an automorphism group of G in the obvious way so
that (|G|, |A|) = 1 and CG(A) = L × T . We ﬁx a subgroup B  A of order r and deduce that
CG (B) = CK (B)  T and |CV (B)| = q2 by Lemma 5.1 again.
Let ϕ = 1L be a linear character of L. Then, since K is extraspecial, there is an irreducible character
θ of K such that ϕK = eθ and e = θ(1) = qr (see Satz V.16.14 of [3]). Thus θ and ϕ are fully ramiﬁed
with respect to K/L respectively. Note that L ⊆ Z(G) and so we have a character ﬁve (G, K , L, θ,ϕ).
Since G/K ∼= T is cyclic, by Corollary 11.22 of [6] we know that θ is extendible to G . Further, since A
acts trivially on L, it follows that ϕ is A-invariant. Clearly A acts trivially on G/K and so KCG(A) = G
and K ∩ CG(A) = L. Note that in this case the relative character correspondence π(G, A, L) coincides
with the character correspondence π(G, A). Now let χ ∈ Irr(G) be an extension of θ . Then χ(1) = qr
and Theorem A implies that [χπ(G, B)CG (A),χπ(G, A)] = 0 and we have the counterexamples to the
conjecture mentioned in the Introduction.
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